Introduction
In previous articles [3] [4] we were interested in SDE's on manifolds driven by non continuous semimartingales; we got an extension of Meyer-Schwartz second order calculus [16] , [19] . The main idea to deal with macroscopic jumps was to substitute 2-jets at x (only local behaviour is needed in the continuous case) by functions that are twice differentiable at x . In this setting a typical coefficient of SDE is a function t.p from V x W x V to W that describes how the solution Y jumps when the driving semimartingale X has a jump, we write:
In [3] the existence and uniqueness of a strong solution are obtained for such SDE's with locally Lipschitz coefficients, and the stochastic development of a cadlag semimartingale in the tangent space of a Riemannian manifold was presented as an example of a SDE with jumps in [4] . Here we will be concerned with Markov properties of solutions, when the driving process is a Levy process living in RV, more precisely we will compute their infinitesimal generator. This type of processes was already studied by Fujiwara, Applebaum [8] [1] but the techniques used were completely different; they construct Levy flows on manifolds. Since we have not studied flows for SDE's with jumps we will not go further in this direction. In [18] Rogerson has defined the a-stable process with values in a Riemannian manifold M as a Brownian motion time-changed by a suitable subordinator; he has also constructed another process, called pseudo a-stable, as the stochastic development in M of a vector valued astable process in TroM. These definitions agree when M is a Euclidean vector space but not in general. We will apply results on SDE's with jumps to compare pseudo and a-stable processes. In Section 2 we recall the existence and uniqueness theorem, and its application to stochastic development. Then we exhibit sufficient conditions for the solution to be Markovian, and compute its infinitesimal generator. In section 4 we give a probabilistic proof that pseudo a-stable and a-stable processes do not have the same law if the manifold is Riemannian with a pole and a rotationally invariant metric. We have to assume that D.r < ( respectively> ) where r represents the distance from the pole because we are studying the radial part of a Brownian motion. This evidently includes sphere in all dimensions. On the sphere in dimension 2, it is worth mentioning that D./2 and the infinitesimal generator of the pseudo l-stable process are linked via a formula involving a concave, piecewise affine function. As a consequence of this remark the pseudo l-stable process on the 2-sphere is not a Brownian motion time-changed by a subordinator.
Summary on SDE's with jumps.
All filtered spaces (0, P, F, Fd will verify the so called "usual conditions". If H is a real valued process, a new process starting at zero is defined by :
if the sum is absolutely convergent, otherwise S(H)t = 00.
All manifolds will possess a countable atlas and we will use Einstein's convention for summation.
To introduce SDE's with jumps we define first constrained coefficients of SDE's with jumps.
Definition 1
Suppose that C is a closed submanifold of V x W, such that the projection pi from C to V be onto and submersive. A measurable application c.p from C x V to W will be called a constrained coefficient of SDE's with jumps if
Remark 1
The particular case when C = V x W can be interpreted as the unconstrained case.
The following existence and uniqueness result was shown in [3] . 
Remark 2 Because of equation (2) As an example of such SDE's stochastic development of semi martingales with jumps has been presented in [4] . For continuous processes this method had been used to obtain a Brownian motion on a Riemannian manifold from a flat Brownian motion. Stochastic development has been extended to discontinuous driving process in [18] [6].
We suppose that M is a complete connected Riemannian manifold with a C 
is the trivial bundle projection. If X is smooth enough y is nothing else than the usual developed curve of textbooks in Mechanics. This setting includes continuous stochastic development of Brownian motions that leads to horizontal Brownian motion as in [5] . In Section 4 we will study with some care what happens when X is the astable process, extending results of [18] .
Markov solutions to SDE's with Jumps
In a vector space, the pair of the driving process and the solution is Markovian, when the driving process is Markovian. But if you want the solution alone to be Markovian we "practically" have to suppose that the driving process is a Levy process. A precise formulation of this is given by Theorem 32 in [17] , and by [14] for the converse. Therefore in this geometric setting we will suppose that the driving Levy process lives in a vector space. Actually only the group structure is needed. Furthermore if X jumps from X t-to Xt, solution will not explicitly depend on X t-but on jumps 
t])) = trr(A) avec A E B(R!;;:).
In the next proposition we exhibit sufficient conditions for the solution of a SDE to be a Markov process. The emphasis is put on the nonlinear treatment of jumps in the infinitesimal generator. 
is an homogeneous Markov process with transition probability
where yEW and YY verifies 
Replace X by its decomposition to obtain
We can write this expression with Poisson measures where B is a Brownian motion, and T'" a one sided a/2-stable R+-valued process. The subordination is simply the time-change consisting in taking B at random time Tt, and it works on any state space whatsoever as soon as a Laplacian is defined on it. The framework of SDE's with jumps explains that the laws of pseudo a-stables and a-stables processes differ because of the curvature effect. When the driving semimartingale jumps, the stochastic development uses the interpolation between B Tt,,-and BTta instead of the Brownian curve from time until Tt. But one knows that two curves that possess the same ending points are not necessarily mapped to curves with the same ending points. We can state this claim precisely as soon as we can compare how fast the Brownian motion goes to infinity in a vector space and on the particular Riemannian manifold. The radial part of the Brownian motion will be the basic tool of the next result. 
TxoM

Spectral comparison between pseudo a-stable and a-stable processes
Rogerson proved the same theorem in the special case of sphere in dimension 2, but he used different techniques: he compared the spectra of the infinitesimal generator of both processes. In this particular case the spherical harmonic functions are the eigenfunctions for the pseudo a-stable infinitesimal generator A a • This phenomenon is quite general and it is a consequence of a geometrical remark. It is clear that both processes have their law invariant under a rotation preserving the starting point. We should consider this remark as a hint to study those processes on symmetric spaces. As a conclusion we will exhibit a fairly strange geometrical property of the spectrum of the pseudo a-stable process that prevents it to be a subordinated process of a Brownian motion. The next proposition computes the infinitesimal generator of the pseudo a-stable process, it is a mere consequence of Proposition 1 applied to the first step in stochastic development. For the second step we use the rotational invariance of the Levy measure of an a-stable process to get the Markov property of the projected process from O(V) onto V.
JT.V where rr(du) = du is the Levy measure associated to a-stable symmetric process in RV.
Geometers working on symmetric spaces usually introduce the spherical functions as the eigenfunctions of all differential operators that are invariant by the action of the isometry group. We can show that the spherical functions are also eigenfunctions of A a , although A a is not a differential operator. We first have to recall basic facts and notation for globally symmetric spaces.
Definition 2 Let V be an analytic Riemannian manifold; V is called a symmetric space if each x E V is an isolated fixed point of an involutive isometry Sx'
Symmetric spaces are analytically diffeomorph to the quotient of the connected com- If proj is the projection of G onto G/ J{ recall the definition of spherical functions in [13] . 
Although A" is not a differential operator, its law is invariant under the action of K, and the spherical functions are still eigenfunctions.
Proposition 3 Let <p be a spherical function which belongs to the domain of A". We get
Proof: Take Xo = proj(e) thanks to symmetry of 7r we can write
We have then to solve the problem in G. Theorem 3.3 in [12] explains that Riemannian exponential of a symmetric space may be expressed with Exponential of the Lie group G. Take the notations of [12] , Q; is the Lie algebra associated to G, 'I with K, and \jJ So we get as we claimed.
Vg, h E G L (j;(gkh)dk = (j;(g)(j;(h).
(11)
o A probabilistic approach of this problem is related to the study of semi groups that are invariant under action of I< as presented in [9] [l1J. Let (Xn be a Markov process starting from x the law of X" is assumed to be invariant under the action of the subgroup of isometries fixing x. The commutation property of the semi groups (Pt ) and (Qs) corresponding to another process yv of same type can be expressed as follows: (w}(w'))) ).
But if G/ I< is put for V, the law of X;,% is nothing but the law of T(}7).(Xn on G/ I<, this law is called in [9J the convolution of }7 by Xf. The convolution commutes on the symmetric spaces ( we can find the proof in [9] [11]), and it implies the commutation of P. , Qs' It is the same phenomenon than in Proposition 3 expressed on the law of random variables and not on infinitesimal generators.
Nevertheless more can be deduced from the spectral study of those processes. We will show that there is no subordinator T such that the law of the pseudo 1-stable process on the sphere in dimension 2 is the same as that of B T where B is a 5 2Brownian motion and (B, T) are independent. We will introduce the Bernstein functions by considering the Laplace transform of subordinators.
Definition 4 If T, is a real non decreasing cadlag Levy process E(e-pT,) = e-t/>(p}t where 1/J is a Bernstein function.
We get in [2J two other characterizations of the Bernstein functions. 
=exp( -t1/J(>'))<p>.(X).
This phenomenon was first suggested by the graph where you put An on the X axis and -lin on the Yaxis. It can also be seen on the graph that the points are close to the parabola
which is a graphic representation of the idea that the pseudo a-stable processes are perturbated a-stable processes in a spectral sense.
